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RELATIONS IN UNIVERSAL LIE NILPOTENT ASSOCIATIVE ALGEBRAS OF
CLASS 4
EUDES ANTONIO DA COSTA AND ALEXEI KRASILNIKOV
Abstract. Let K be a unital associative and commutative ring and let K〈X〉 be the free unital
associative K-algebra on a non-empty set X of free generators. Define a left-normed commutator
[a1, a2, . . . , an] inductively by [a1, a2] = a1a2 − a2a1, [a1, . . . , an−1, an] = [[a1, . . . , an−1], an] (n ≥ 3).
For n ≥ 2, let T (n) be the two-sided ideal in K〈X〉 generated by all commutators [a1, a2, . . . , an]
(ai ∈ K〈X〉).
It can be easily seen that the ideal T (2) is generated (as a two-sided ideal in K〈X〉) by the com-
mutators [x1, x2] (xi ∈ X). It is well-known that T
(3) is generated by the polynomials [x1, x2, x3]
and [x1, x2][x3, x4] + [x1, x3][x2, x4] (xi ∈ X). A similar generating set for T
(4) contains 3 types of
polynomials in xi ∈ X if
1
3
∈ K and 5 types if 1
3
/∈ K. In the present article we exhibit a generating
set for T (5) that contains 8 types of polynomials in xi ∈ X.
1. Introduction
Let K be a unital associative and commutative ring and let A be a unital associative K-algebra. De-
fine a left-normed commutator [a1, a2, . . . , an] inductively by [a1, a2] = a1a2−a2a1, [a1, . . . , an−1, an] =
[[a1, . . . , an−1], an] (n ≥ 3). For n ≥ 2, let T
(n)(A) be the two-sided ideal in A generated by all com-
mutators [a1, a2, . . . , an] (ai ∈ A). An algebra A is called Lie nilpotent (of class at most n − 1) if
T (n)(A) = 0 for some n ≥ 2.
Let K〈X〉 be the free unital associative K-algebra on a non-empty set X of free generators. Define
T (n) = T (n)(K〈X〉). The quotient algebra K〈X〉/T (n) can be viewed as the universal Lie nilpotent
associative K-algebra of class n− 1 generated by X.
The study of Lie nilpotent associative rings and algebras was started by Jennings [18] in 1947. Since
then Lie nilpotent associative rings and algebras have been investigated in various papers from various
points of view; see, for instance, [2, 14, 15, 16, 21, 24, 25, 26] and the bibliography there.
Recent interest in Lie nilpotent associative algebras was motivated by the study of the quotients
Li/Li+1 of the lower central series of the associated Lie algebra of an associative algebra A; here Ln is
the linear span in A of the set of all commutators [a1, a2, . . . , an] (ai ∈ A). The study of these quotients
Li/Li+1 was initiated in 2007 in a pioneering article of Feigin and Shoikhet [12] for A = C〈X〉; further
results on this subject can be found, for example, in [1, 3, 4, 5, 6, 7, 9, 10, 11, 19, 20]. Since T (n)(A)
is the ideal in A generated by Ln, some results about the quotients T
(i)(A)/T (i+1)(A) were obtained
in these articles as well; in [7, 11, 19, 20] the latter quotients were the primary objects of study.
It can be easily seen that the ideal T (2) is generated (as a two-sided ideal in K〈X〉) by the commu-
tators [x1, x2] (xi ∈ X). It is well-known that T
(3) is generated by the polynomials
[x1, x2, x3], [x1, x2][x3, x4] + [x1, x3][x2, x4] (xi ∈ X)
(see, for instance, [6, 13, 17, 23]). If 13 ∈ K then a similar generating set for T
(4) contains the
polynomials of 3 types (see [11, 14, 24, 26]):
(1) [x1, x2, x3, x4] (xi ∈ X),
(2) [x1, x2][x3, x4, x5] (xi ∈ X),
(3)
(
[x1, x2][x3, x4] + [x1, x3][x2, x4]
)
[x5, x6] (xi ∈ X).
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If 13 /∈ K then a set of generators of T
(4) consists of the polynomials of types (1), (3) and the
polynomials
[x1, x2, x3][x4, x5, x6] (xi ∈ X),
[x1, x2, x3][x4, x5] + [x1, x2, x4][x3, x5] (xi ∈ X),
[x1, x2, x3][x4, x5] + [x1, x4, x3][x2, x5] (xi ∈ X)
(see [8, Theorem 1.3]). In the latter case, in general, the polynomials [x1, x2][x3, x4, x5] (xi ∈ X) of
type (2) do not belong to T (4) but 3 [x1, x2][x3, x4, x5] ∈ T
(4) (see [22]).
The aim of the present article is to exhibit a similar generating set for T (5). Our result is as follows.
Theorem 1.1. Let K be a unital associative and commutative ring and let K〈X〉 be the free K-algebra
on a non-empty set X of free generators. Then the ideal T (5) is generated as a two-sided ideal of K 〈X〉
by the following polynomials:
(4) [x1, x2, x3, x4, x5] (xi ∈ X);
(5) [x1, x2, x3][x4, x5, x6] (xi ∈ X);
(6) [x1, x2, x3, x4][x5, x6, x7] (xi ∈ X);
(7) [x1, x2, x3, x4][x5, x6] + [x1, x2, x3, x5][x4, x6] (xi ∈ X);
(8) [x1, x2, x3]
(
[x4, x5][x6, x7] + [x4, x6][x5, x7]
)
(xi ∈ X);
(9)
[(
[x1, x2][x3, x4] + [x1, x3][x2, x4]
)
, x5, x6
]
(xi ∈ X);
[(
[x1, x2][x3, x4] + [x1, x3][x2, x4]
)
, x5
]
[x6, x7](10)
+
[(
[x1, x2][x3, x4] + [x1, x3][x2, x4]
)
, x6
]
[x5, x7] (xi ∈ X);
(
[x1, x2][x3, x4] + [x1, x3][x2, x4]
)(
[x5, x6][x7, x8] + [x5, x7][x6, x8]
)
(xi ∈ X).(11)
It can be easily seen that the additive group of the ring Z〈X〉/T (2) is free abelian. It was shown in
[6] that the additive group of Z〈X〉/T (3) is also free abelian. On the other hand, the additive group
of the ring Z〈X〉/T (4) is a direct sum A ⊕ B of a free abelian group A and an elementary abelian
3-group B (see [22]); bases of A and B were found in [22] and [8], respectively. Computational data
by Cordwell, Fei and Zhou presented in [7, Appendix A] suggests that if n ≥ 6 then the additive
group of the ring Z〈X〉/T (n) is also a direct sum of a free abelian group and a non-trivial elementary
abelian 3-group while for n = 5 this group is free abelian. It is still an open problem whether the
additive group of Z〈X〉/T (5) is free abelian indeed and, more generally, whether K〈X〉/T (5) is a free
K-module; we hope that our result might be the first step in solving it.
2. Proof of Theorem 1.1
Let A be an associative K-algebra. In the proof we will make use of the following identities:
[u, v1v2] = v1[u, v2] + [u, v1]v2; [u1u2, v] = u1[u2, v] + [u1, v]u2;
[u1u2, v, w] = u1[u2, v, w] + [u1, w][u2, v] + [u1, v][u2, w] + [u1, v, w]u2;(12)
[u1u2, v, w, t] = u1[u2, v, w, t] + [u1, t][u2, v, w] + [u1, w][u2, v, t] + [u1, w, t][u2, v]
+ [u1, v][u2, w, t] + [u1, v, t][u2, w] + [u1, v, w][u2, t] + [u1, v, w, t]u2.
These identities hold for all ui, vj , u, v, w, t ∈ A; they can be checked by straightforward calculation or
using the Leibniz rule since, for each v ∈ A, the map u→ [u, v] is a derivation of A.
Let I be the two-sided ideal of K 〈X〉 generated by the polynomials (4)–(11). To prove the theorem
one has to verify that I ⊆ T (5) and T (5) ⊆ I.
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To prove that I ⊆ T (5) we will check that all polynomials (4)–(11) belong to T (5). It is clear that
the polynomials of the form (4) belong to T (5).
Further, for all ai ∈ K〈X〉 we have
[a1, a2, a3, a4a5, a6] =
[(
a4[a1, a2, a3, a5] + [a1, a2, a3, a4]a5
)
, a6
]
=a4[a1, a2, a3, a5, a6] + [a4, a6][a1, a2, a3, a5] + [a1, a2, a3, a4][a5, a6]
+[a1, a2, a3, a4, a6]a5 = a4[a1, a2, a3, a5, a6] + [a1, a2, a3, a5][a4, a6]
+[a1, a2, a3, a4][a5, a6]−
[
[a1, a2, a3, a4], [a5, a6]
]
+ [a1, a2, a3, a4, a6]a5.
Since [a1, a2, a3, a4a5, a6], a4[a1, a2, a3, a5, a6], [a1, a2, a3, a4, a6]a5 ∈ T
(5) and[
[a1, a2, a3, a4], [a5, a6]
]
= [a1, a2, a3, a4, a5, a6]− [a1, a2, a3, a4, a6, a5] ∈ T
(5),
we have
(13) [a1, a2, a3, a4][a5, a6] + [a1, a2, a3, a5][a4, a6] ∈ T
(5)
for all ai ∈ K〈X〉. Thus, the polynomials of the form (7) belong to T
(5).
To proceed further we need the following lemma.
Lemma 2.1. For all ai ∈ K〈X〉, we have [a1, a2, a3][a4, a5, a6] ∈ T
(5).
Proof. Let u1, u2 be commutators of length 2 in ai (ai ∈ K〈X〉) and let y1, y2 ∈ K〈X〉. Then
[u1, y1y2, u2] ∈ T
(5). We have
[u1, y1y2, u2] =
[(
y1[u1, y2] + [u1, y1]y2
)
, u2
]
=y1[u1, y2, u2] + [y1, u2][u1, y2] + [u1, y1][y2, u2] + [u1, y1, u2]y2.
Since [u1, y1y2, u2], y1[u1, y2, u2], [u1, y1, u2]y2 ∈ T
(5), we have
[y1, u2][u1, y2] + [u1, y1][y2, u2] ∈ T
(5).
Let u1 = [a1, a2], u2 = [a4, a5], y1 = a3, y2 = a6. Then
[y1, u2][u1, y2] + [u1, y1][y2, u2] =
[
a3, [a4, a5]
]
[a1, a2, a6] + [a1, a2, a3]
[
a6, [a4, a5]
]
so
(14) [a1, a2, a3][a4, a5, a6] + [a1, a2, a6][a4, a5, a3] ∈ T
(5).
Further, if u1 = [a1, a2] then [u1, a3a4, a5, a6] ∈ T
(5). By (12), we have
[u1, a3a4, a5, a6] =
[(
a3[u1, a4] + [u1, a3]a4
)
, a5, a6
]
=a3[u1, a4, a5, a6] + [a3, a6][u1, a4, a5] + [a3, a5][u1, a4, a6] + [a3, a5, a6][u1, a4]
+[u1, a3][a4, a5, a6] + [u1, a3, a6][a4, a5] + [u1, a3, a5][a4, a6] + [u1, a3, a5, a6]a4.
It is clear that [u1, a3a4, a5, a6], a3[u1, a4, a5, a6], [u1, a3, a5, a6]a4 ∈ T
(5). By (13), we have
[a3, a6][u1, a4, a5] + [a3, a5][u1, a4, a6] ∈ T
(5),
[u1, a3, a6][a4, a5] + [u1, a3, a5][a4, a6] ∈ T
(5).
It follows that [a3, a5, a6][u1, a4] + [u1, a3][a4, a5, a6] ∈ T
(5), that is,
(15) [a1, a2, a3][a4, a5, a6] + [a1, a2, a4][a3, a5, a6] ∈ T
(5).
Let ai ∈ K〈X〉 (1 ≤ i ≤ 6). It is clear that
[a1, a2, a3][a4, a5, a6] = sgn σ[aσ(1), aσ(2), aσ(3)][aσ(4), aσ(5), aσ(6)]
if σ = (12) or σ = (45). By (14) and (15),
[a1, a2, a3][a4, a5, a6] ≡ sgn σ [aσ(1), aσ(2), aσ(3)][aσ(4), aσ(5), aσ(6)] (mod T
(5))(16)
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if σ ∈ {(36), (34), (16)}. It is easy to check that the transpositions (12), (45), (36), (34) and (16) gen-
erate the entire group S6 of the permutations on the set {1, 2, 3, 4, 5, 6}. It follows that the congruence
(16) holds for all σ ∈ S6 and all ai ∈ K〈X〉 (1 ≤ i ≤ 6).
Now we are in a position to complete the proof of the lemma. By the Jacobi identity, we have
([a1, a2, a3] + [a2, a3, a1] + [a3, a1, a2])[a4, a5, a6] = 0
By (16), this implies
(17) 3 [a1, a2, a3][a4, a5, a6] ∈ T
(5).
Further, it is clear that
[a1, a2, a3][a4, a5, a6] ≡ [a4, a5, a6][a1, a2, a3] (mod T
(5)).
On the other hand, by (16) we have
[a1, a2, a3][a4, a5, a6] ≡ −[a4, a5, a6][a1, a2, a3] (mod T
(5)).
It follows that
(18) 2 [a1, a2, a3][a4, a5, a6] ∈ T
(5).
Now (17) and (18) imply that [a1, a2, a3][a4, a5, a6] ∈ T
(5) for all ai ∈ K〈X〉 (1 ≤ i ≤ 6), as required.
The proof of Lemma 2.1 is completed. 
It follows immediately from Lemma 2.1 that the polynomials of the forms (5) and (6) belong to
T (5).
Further, by (12) we have
[a5a6, a4, a7] = a5[a6, a4, a7] + [a5, a4][a6, a7] + [a5, a7][a6, a4] + [a5, a4, a7]a6
=[a6, a4, a7]a5 − [a6, a4, a7, a5]− [a4, a5][a6, a7]− [a4, a6][a5, a7] +
[
[a5, a7], [a6, a4]
]
+ [a5, a4, a7]a6
for all ai ∈ K〈X〉. Hence,
[a1, a2, a3][a5a6, a4, a7] = [a1, a2, a3][a6, a4, a7]a5 − [a1, a2, a3][a6, a4, a7, a5]
−[a1, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
+ [a1, a2, a3]
[
[a5, a7], [a6, a4]
]
+ [a1, a2, a3][a5, a4, a7]a6.
By Lemma 2.1, the polynomials
[a1, a2, a3][a5a6, a4, a7], [a1, a2, a3][a6, a4, a7]a5, [a1, a2, a3][a6, a4, a7, a5],
[a1, a2, a3]
[
[a5, a7], [a6, a4], [a1, a2, a3][a5, a4, a7]a6
belong to T (5). It follows that for all ai ∈ K〈X〉
(19) [a1, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
∈ T (5).
Thus, the polynomials of the form (8) belong to T (5).
Similarly, Lemma 2.1, (19) and the equality
[a2a3, a1, a4]
(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
=a2[a3, a1, a4]
(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
−
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
+
[
[a2, a4], [a3, a1]
](
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
+
(
a3[a2, a1, a4] + [a2, a1, a4, a3]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
imply that for all ai ∈ K〈X〉(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
∈ T (5).
It follows that the polynomials of the form (11) belong to T (5).
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One can check in a similar way using the equalities
[a2a3, a1, a4, a5, a6] =
[(
a2[a3, a1, a4]−
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
+
[
[a2, a4], [a3, a1]
]
+ [a2, a1, a4]a3
)
, a5, a6
]
and
[a2a3, a1, a4, a5][a6, a7] + [a2a3, a1, a4, a6][a5, a7]
=
[(
a2[a3, a1, a4]−
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
+
[
[a2, a4], [a3, a1]
]
+ [a2, a1, a4]a3
)
, a5
]
[a6, a7]
+
[(
a2[a3, a1, a4]−
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
+
[
[a2, a4], [a3, a1]
]
+ [a2, a1, a4]a3
)
, a6
]
[a5, a7],
Lemma 2.1 and (13) that the polynomials of the forms (9) and (10) belong to T (5) as well.
Thus, all polynomials of the forms (4)–(11) are contained in T (5). It follows that I ⊆ T (5).
Now we prove that T (5) ⊆ I. Since the ideal T (5) is generated by the polynomials [a1, a2, a3, a4, a5]
where ai ∈ K 〈X〉 for all i, it suffices to check that, for all ai ∈ K 〈X〉, the polynomial
(20) [a1, a2, a3, a4, a5]
belongs to I. Clearly, one may assume without loss of generality that all ai in (20) are monomials.
In order to prove that each polynomial of the form (20) belongs to I we will prove that, for all
monomials ai ∈ K 〈X〉, the following polynomials belong to I as well:
(21)
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
;
(22) [a1, a2, a3, a4][a5, a6, a7];
(23) [a1, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
;
(24)
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5
]
[a6, a7]
+
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a6
]
[a5, a7];
(25)
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, a6
]
;
(26) [a1, a2, a3][a4, a5, a6];
(27) [a1, a2, a3, a4][a5, a6] + [a1, a2, a3, a5][a4, a6].
The proof is by induction on the degree m = deg f of a polynomial f that is of one of the forms
(20)–(27). It is clear that for such f we have m ≥ 5. If m = 5 then f is of the form (20) with all
monomials ai of degree 1. Hence, f is of the form (4) so f ∈ I. This establishes the base of the
induction.
To prove the induction step suppose that m = deg f > 5 and that all polynomials of the forms
(20)–(27) of degree less than m belong to I.
We need the following.
Lemma 2.2. Let b1, b2, . . . , b8 ∈ K〈X〉 be monomials such that
∑8
i=1 deg bi = m. Suppose that all
polynomials of the forms (20)–(27) of degree less than m belong to I. Then
[b1, b2, b3, b4]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
∈ I.
6 EUDES ANTONIO DA COSTA AND ALEXEI KRASILNIKOV
Proof. We have
[b1, b2, b3, b4]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
= [b1, b2, b3]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
b4(28)
−b4[b1, b2, b3]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
− [b1, b2, b3]
[(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
, b4
]
.
Here
[b1, b2, b3]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
∈ I
because it is a polynomial of type (23) of degree less than m. It follows that
(29) [b1, b2, b3]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
b4 − b4[b1, b2, b3]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
∈ I.
On the other hand,[
[b5, b6][b7, b8], b4
]
=[b5, b6, b4][b7, b8] + [b5, b6][b7, b8, b4]
=[b5, b6, b4][b7, b8] + [b7, b8, b4][b5, b6]−
[
[b7, b8, b4], [b5, b6]
]
≡[b5, b6, b4][b7, b8] + [b7, b8, b4][b5, b6] (mod I)
because [
[b7, b8, b4], [b5, b6]
]
= [b7, b8, b4, b5, b6]− [b7, b8, b4, b6, b5]
and [b7, b8, b4, b5, b6], [b7, b8, b4, b6, b5] ∈ I since these two polynomials are of type (20) of degree less
than m. Similarly,[
[b5, b7][b6, b8], b4
]
≡ [b5, b7, b4][b6, b8] + [b6, b8, b4][b5, b7] (mod I).
It follows that
[b1, b2, b3]
[(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
, b4
]
≡ [b1, b2, b3]
(
[b5, b6, b4][b7, b8](30)
+[b7, b8, b4][b5, b6] + [b5, b7, b4][b6, b8] + [b6, b8, b4][b5, b7]
)
(mod I).
Note that if k, ℓ ∈ {5, 6, 7, 8}, k 6= ℓ then
(31) [b1, b2, a3][bk, bℓ, b4] ∈ I
because it is a polynomial of type (26) of degree less than m. It follows from (30) and (31) that
(32) [b1, b2, b3]
[(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
, b4
]
∈ I
and, therefore, by (28), (29) and (32),
[b1, b2, b3, b4]
(
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
∈ I,
as required. 
Since
[
[b1, b2], [b3, b4]
]
= [b1, b2, b3, b4]− [b1, b2, b4, b3], we have the following:
Corollary 2.3. Suppose that b1, b2, . . . , b8 are as in Lemma 2.2. Then[
[b1, b2], [b3, b4]
](
[b5, b6][b7, b8] + [b5, b7][b6, b8]
)
∈ I.
It is clear that the following lemma holds.
Lemma 2.4. Let b1, b2, b3, b4, b5 ∈ K〈X〉 be monomials such that
∑5
i=1 deg bi < m. Suppose that all
polynomials of the forms (20)–(27) of degree less than m belong to I. Then
b1[b2, b3, b4, b5] ≡ [b2, b3, b4, b5]b1 (mod I) and [b1, b2, b3][b4, b5] ≡ [b4, b5][b1, b2, b3] (mod I).
Now we prove the induction step. We split the proof into 8 cases.
Case 1. Suppose that f is of the form (21),
f = f(a1, a2, . . . , a8) =
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
.
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If deg f = 8 then each monomial ai is of degree 1 so f is of the form (11) and, therefore, f ∈ I. If
deg f > 8 then, for some i, 1 ≤ i ≤ 8, we have ai = a
′
ia
′′
i where deg a
′
i, deg a
′′
i < deg ai. We claim that
to check that f ∈ I one may assume without loss of generality that i = 1, that is, a1 = a
′
1a
′′
1.
Indeed, by the induction hypothesis,[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, ak, aℓ
]
∈ I
if 5 ≤ k, ℓ ≤ 8, k 6= ℓ, because the commutator above is a polynomial of type (25) and of degree less
than m = deg f . Hence,[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, [ak, aℓ]
]
=
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, ak, aℓ
]
−
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, aℓ, ak
]
∈ I.
It follows that(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
≡
(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
(mod I),
that is,
(33) f(a1, a2, a3, a4, a5, a6, a7, a8) ≡ f(a5, a6, a7, a8, a1, a2, a3, a4) (mod I).
Further, let g =
(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
; then, by Corollary 2.3, we have[
[a1, a2], [a3, a4]
]
g ≡ 0 (mod I).
It follows that(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
g ≡
(
[a2, a1][a4, a3] + [a2, a4][a1, a3]
)
g (mod I)
≡
(
[a3, a4][a1, a2] + [a3, a1][a4, a2]
)
g (mod I) ≡
(
[a4, a3][a2, a1] + [a4, a2][a3, a1]
)
g (mod I),
that is,
f(a1, a2, a3, a4, a5, . . . ) ≡ f(a2, a1, a4, a3, a5, . . . ) (mod I)(34)
≡f(a3, a4, a1, a2, a5, . . . ) (mod I) ≡ f(a4, a3, a2, a1, a5, . . . ) (mod I).
It follows from (33) and (34) that if ai = a
′
ia
′′
i for some i, 1 ≤ i ≤ 8, then we may assume without
loss of generality that i = 1, that is, a1 = a
′
1a
′′
1, as claimed.
Further, we have
[a′1a
′′
1, ai] = a
′
1[a
′′
1 , ai] + [a
′
1, ai]a
′′
1 = a
′
1[a
′′
1 , ai] + a
′′
1 [a
′
1, ai] + [a
′
1, ai, a
′′
1 ]
where i ∈ {2, 3} so
f =
(
[a′1a
′′
1, a2][a3, a4] + [a
′
1a
′′
1 , a3][a2, a4]
)
g = a′1
(
[a′′1 , a2][a3, a4] + [a
′′
1 , a3][a2, a4]
)
g(35)
+ a′′1
(
[a′1, a2][a3, a4] + [a
′
1, a3][a2, a4]
)
g +
(
[a′1, a2, a
′′
1 ][a3, a4] + [a
′
1, a3, a
′′
1][a2, a4]
)
g.
By the induction hypothesis,(
[b, a2][a3, a4] + [b, a3][a2, a4]
)
g =
(
[b, a2][a3, a4] + [b, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
∈ I
if b ∈ {a′1, a
′′
1} so
a′1
(
[a′′1 , a2][a3, a4] + [a
′′
1, a3][a2, a4]
)
g + a′′1
(
[a′1, a2][a3, a4] + [a
′
1, a3][a2, a4]
)
g ∈ I.(36)
On the other hand, by Lemma 2.4,
(37)
(
[a′1, a2, a
′′
1 ][a3, a4] + [a
′
1, a3, a
′′
1 ][a2, a4]
)
g ≡
(
[a3, a4][a
′
1, a2, a
′′
1 ] + [a2, a4][a
′
1, a3, a
′′
1 ]
)
g (mod I).
By the induction hypothesis, we have
[a′1, a2, a
′′
1 ]g = [a
′
1, a2, a
′′
1 ]
(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
∈ I
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because this is a polynomial of type (23) of degree less than m. Hence, [a3, a4][a
′
1, a2, a
′′
1 ]g ∈ I and,
similarly, [a2, a4][a
′
1, a3, a
′′
1 ]g ∈ I. By (37), we have
(38)
(
[a′1, a2, a
′′
1][a3, a4] + [a
′
1, a3, a
′′
1 ][a2, a4]
)
g ∈ I
so, by (35), (36) and (38), f ∈ I.
Thus, each polynomial
f =
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)(
[a5, a6][a7, a8] + [a5, a7][a6, a8]
)
of the form (21) of degree m belongs to I.
Case 2. Suppose now that f is of the form (22),
f = [a1, a2, a3, a4][a5, a6, a7].
If deg f = 7 then f is of the form (6) so f ∈ I. If deg f > 7 then for some i, 1 ≤ i ≤ 7, we have
ai = a
′
ia
′′
i , where deg a
′
i, deg a
′′
i < deg ai.
Suppose that a1 = a
′
1a
′′
1. By (12), we have
f =[a′1a
′′
1, a2, a3, a4][a5, a6, a7]
=
(
a′1[a
′′
1 , a2, a3, a4] + [a
′
1, a2][a
′′
1 , a3, a4] + [a
′
1, a3][a
′′
1 , a2, a4] + [a
′
1, a4][a
′′
1 , a2, a3]
+[a′1, a2, a3][a
′′
1 , a4] + [a
′
1, a2, a4][a
′′
1 , a3] + [a
′
1, a3, a4][a
′′
1 , a2] + [a
′
1, a2, a3, a4]a
′′
1
)
[a5, a6, a7]
so, by Lemma 2.4,
f ≡
(
a′1[a
′′
1 , a2, a3, a4] + [a
′
1, a2][a
′′
1 , a3, a4] + [a
′
1, a3][a
′′
1 , a2, a4] + [a
′
1, a4][a
′′
1 , a2, a3] + [a
′′
1 , a4][a
′
1, a2, a3]
(39)
+[a′′1 , a3][a
′
1, a2, a4] + [a
′′
1 , a2][a
′
1, a3, a4] + a
′′
1[a
′
1, a2, a3, a4]
)
[a5, a6, a7] (mod I).
By the induction hypothesis, we have [b, a2, a3, a4][a5, a6, a7] ∈ I if b ∈ {a
′
1, a
′′
1} so
(40)
(
a′1[a
′′
1, a2, a3, a4] + a
′′
1 [a
′
1, a2, a3, a4]
)
[a5, a6, a7] ∈ I.
Further, by the induction hypothesis, [b, ak, aℓ][a5, a6, a7] ∈ I if b ∈ {a
′
1, a
′′
1} and 2 ≤ k, ℓ ≤ 4, k 6= ℓ,
so (
[a′1, a2][a
′′
1 , a3, a4] + [a
′
1, a3][a
′′
1 , a2, a4] + [a
′
1, a4][a
′′
1 , a2, a3] + [a
′′
1, a4][a
′
1, a2, a3](41)
+ [a′′1 , a3][a
′
1, a2, a4] + [a
′′
1, a2][a
′
1, a3, a4]
)
[a5, a6, a7] ∈ I
It follows from (39), (40) and (41) that f ∈ I if a1 = a
′
1a
′′
1. Similarly, f ∈ I if a2 = a
′
2a
′′
2 .
Suppose that a3 = a
′
3a
′′
3. We have
f =[a1, a2, a
′
3a
′′
3, a4][a5, a6, a7] =
[
a′3[a1, a2, a
′′
3 ] + [a1, a2, a
′
3]a
′′
3 , a4
]
[a5, a6, a7]
=
(
a′3[a1, a2, a
′′
3 , a4] + [a
′
3, a4][a1, a2, a
′′
3 ] + [a1, a2, a
′
3][a
′′
3 , a4] + [a1, a2, a
′
3, a4]a
′′
3
)
[a5, a6, a7]
≡
(
a′3[a1, a2, a
′′
3 , a4] + [a
′
3, a4][a1, a2, a
′′
3 ] + [a
′′
3 , a4][a1, a2, a
′
3] + a
′′
3[a1, a2, a
′
3, a4]
)
[a5, a6, a7] (mod I).
By the induction hypothesis, [a1, a2, b, a4][a5, a6, a7] ∈ I and [a1, a2, b][a5, a6, a7] ∈ I if b ∈ {a
′
3, a
′′
3} so(
a′3[a1, a2, a
′′
3, a4] + [a
′
3, a4][a1, a2, a
′′
3 ] + a
′′
3 [a1, a2, a
′
3, a4] + [a
′′
3, a4][a1, a2, a
′
3]
)
[a5, a6, a7] ∈ I.
It follows that f ∈ I if a3 = a
′
3a
′′
3.
Suppose that a4 = a
′
4a
′′
4. Then
f =[a1, a2, a3, a
′
4a
′′
4 ][a5, a6, a7] =
(
a′4[a1, a2, a3, a
′′
4 ] + [a1, a2, a3, a
′
4]a
′′
4
)
[a5, a6, a7]
≡
(
a′4[a1, a2, a3, a
′′
4 ] + a
′′
4[a1, a2, a3, a
′
4]
)
[a5, a6, a7] (mod I).
By the induction hypothesis, [a1, a2, a3, b][a5, a6, a7] ∈ I if b ∈ {a
′
4, a
′′
4}. It follows that f ∈ I if
a4 = a
′
4a
′′
4.
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Now suppose that a5 = a
′
5a
′′
5 . Then
f =[a1, a2, a3, a4][a
′
5a
′′
5, a6, a7]
=[a1, a2, a3, a4]
(
a′5[a
′′
5 , a6, a7] + [a
′
5, a7][a
′′
5 , a6] + [a
′
5, a6][a
′′
5 , a7] + [a
′
5, a6, a7]a
′′
5
)
≡a′5[a1, a2, a3, a4][a
′′
5 , a6, a7] + [a1, a2, a3, a4]
(
[a′5, a7][a
′′
5 , a6] + [a
′
5, a6][a
′′
5 , a7]
)
+[a1, a2, a3, a4][a
′
5, a6, a7]a
′′
5 (mod I).
Here a′5[a1, a2, a3, a4][a
′′
5 , a6, a7] ∈ I and [a1, a2, a3, a4][a
′
5, a6, a7]a
′′
5 ∈ I by the induction hypothesis and
[a1, a2, a3, a4]
(
[a′5, a7][a
′′
5 , a6] + [a
′
5, a6][a
′′
5 , a7]
)
= −[a1, a2, a3, a4]
(
[a′5, a7][a6, a
′′
5 ] + [a
′
5, a6][a7, a
′′
5 ]
)
∈ I
by Lemma 2.2. Therefore, f ∈ I if a5 = a
′
5a
′′
5. Similarly, f ∈ I if a6 = a
′
6a
′′
6.
Finally, suppose that a7 = a
′
7a
′′
7 . We have
f =[a1, a2, a3, a4][a5, a6, a
′
7a
′′
7] = [a1, a2, a3, a4]a
′
7[a5, a6, a
′′
7] + [a1, a2, a3, a4][a5, a6, a
′
7]a
′′
7
≡a′7[a1, a2, a3, a4][a5, a6, a
′′
7 ] + [a1, a2, a3, a4][a5, a6, a
′
7]a
′′
7 (mod I).
Here a′7[a1, a2, a3, a4][a5, a6, a
′′
7 ] ∈ I and [a1, a2, a3, a4][a5, a6, a
′
7]a
′′
7 ∈ I by the induction hypothesis so
f ∈ I if a7 = a
′
7a
′′
7.
Thus, each polynomial f of the form (22) and of degree m belongs to I.
Case 3. Suppose that f is of the form (23),
f = f(a1, . . . , a7) = [a1, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
.
If deg f = 7 then each monomial ai is of degree 1 so f is of the form (8) and, therefore, f ∈ I. If
deg f > 7 then for some i, 1 ≤ i ≤ 7, we have ai = a
′
ia
′′
i , where deg a
′
i, deg a
′′
i < deg ai. We claim that
to check that f ∈ I one may assume without loss of generality that i ∈ {1, 3, 4}.
Indeed, it is clear that
(42) f(a1, a2, a3, . . . , a7) = −f(a2, a1, a3, . . . , a7).
On the other hand,
[a1, a2, a3]
[
[a4, a5], [a6, a7]
]
= [a1, a2, a3]
(
[a4, a5, a6, a7]− [a4, a5, a7, a6]
)
≡
(
[a4, a5, a6, a7]− [a4, a5, a7, a6]
)
[a1, a2, a3] (mod I) ≡ 0 (mod I)
because, by Case 2, the polynomials of the form (22) of degree m belong to I. It follows that
[a1, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
≡ [a1, a2, a3]
(
[a5, a4][a7, a6] + [a5, a7][a4, a6]
)
(mod I)
≡ [a1, a2, a3]
(
[a6, a7][a4, a5] + [a6, a4][a7, a5]
)
(mod I)
≡ [a1, a2, a3]
(
[a7, a6][a5, a4] + [a7, a5][a6, a4]
)
(mod I),
that is,
f(a1, a2, a3, a4, a5, a6, a7) ≡ f(a1, a2, a3, a5, a4, a7, a6) (mod I)(43)
≡f(a1, a2, a3, a6, a7, a4, a5) (mod I) ≡ f(a1, a2, a3, a7, a6, a5, a4) (mod I).
It follows from (42) and (43) that one may assume without loss of generality that i ∈ {1, 3, 4}, as
claimed.
Suppose first that a1 = a
′
1a
′′
1. Let g =
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
. By (12), we have
f =[a′1a
′′
1 , a2, a3]g(44)
=
(
a′1[a
′′
1, a2, a3] + [a
′
1, a3][a
′′
1 , a2] + [a
′
1, a2][a
′′
1 , a3] + a
′′
1 [a
′
1, a2, a3] + [a
′
1, a2, a3, a
′′
1 ]
)
g.
By the induction hypothesis,
[b, a2, a3]g = [b, a2, a3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
∈ I
if b ∈ {a′1, a
′′
1} so
(45)
(
a′1[a
′′
1 , a2, a3] + a
′′
1 [a
′
1, a2, a3]
)
g ∈ I.
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Further, (
[a′1, a3][a
′′
1 , a2] + [a
′
1, a2][a
′′
1 , a3]
)
g = −
(
[a′1, a3][a2, a
′′
1 ] + [a
′
1, a2][a3, a
′′
1 ]
)
g(46)
=−
(
[a′1, a3][a2, a
′′
1 ] + [a
′
1, a2][a3, a
′′
1]
)(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
∈ I
because this polynomial is (up to sign) of the form (21) and of degree m so, by Case 1, it belongs to
I. Finally, by Lemma 2.2,
(47) [a′1, a2, a3, a
′′
1 ]g = [a
′
1, a2, a3, a
′′
1 ]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
∈ I.
It follows from (44), (45), (46) and (47) that f ∈ I if a1 = a
′
1a
′′
1.
Suppose that a3 = a
′
3a
′′
3. Then
f =[a1, a2, a
′
3a
′′
3]
(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
=
(
a′3[a1, a2, a
′′
3 ] + a
′′
3 [a1, a2, a
′
3] + [a1, a2, a
′
3, a
′′
3 ]
)(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
where
(
a′3[a1, a2, a
′′
3 ] + a
′′
3[a1, a2, a
′
3]
)(
[a4, a5][a6, a7] + [a4, a6][a5, a7]
)
∈ I by the induction hypothesis
and [a1, a2, a
′
3, a
′′
3 ]
(
[a4, a5][a6, a7]+[a4, a6][a5, a7]
)
∈ I by Lemma 2.2. It follows that f ∈ I if a3 = a
′
3a
′′
3.
Finally, suppose that a4 = a
′
4a
′′
4 . We have
f =[a1, a2, a3]
(
[a′4a
′′
4, a5][a6, a7] + [a
′
4a
′′
4 , a6][a5, a7]
)
=[a1, a2, a3]
(
a′4[a
′′
4, a5][a6, a7] + [a
′
4, a5]a
′′
4 [a6, a7] + a
′
4[a
′′
4 , a6][a5, a7] + [a
′
4, a6]a
′′
4 [a5, a7]
)
=a′4[a1, a2, a3]
(
[a′′4, a5][a6, a7] + [a
′′
4 , a6][a5, a7]
)
+ [a1, a2, a3, a
′
4]
(
[a′′4 , a5][a6, a7] + [a
′′
4 , a6][a5, a7]
)
+a′′4[a1, a2, a3]
(
[a′4, a5][a6, a7] + [a
′
4, a6][a5, a7]
)
+ [a1, a2, a3, a
′′
4]
(
[a′4, a5][a6, a7] + [a
′
4, a6][a5, a7]
)
+[a1, a2, a3]
(
[a′4, a5, a
′′
4 ][a6, a7] + [a
′
4, a6, a
′′
4 ][a5, a7]
)
.
Here
a′4[a1, a2, a3]
(
[a′′4 , a5][a6, a7] + [a
′′
4 , a6][a5, a7]
)
+ a′′4[a1, a2, a3]
(
[a′4, a5][a6, a7] + [a
′
4, a6][a5, a7]
)
+ [a1, a2, a3]
(
[a′4, a5, a
′′
4 ][a6, a7] + [a
′
4, a6, a
′′
4 ][a5, a7]
)
∈ I
by the induction hypothesis and
[a1, a2, a3, a
′
4]
(
[a′′4 , a5][a6, a7] + [a
′′
4 , a6][a5, a7]
)
+ [a1, a2, a3, a
′′
4 ]
(
[a′4, a5][a6, a7] + [a
′
4, a6][a5, a7]
)
∈ I
by Lemma 2.2. It follows that f ∈ I if a4 = a
′
4a
′′
4 .
Thus, each polynomial of the form (23) and of degree m belongs to I.
Case 4. Suppose now that f is of the form (24),
f =f(a1, a2, . . . , a7)
=
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5
]
[a6, a7] +
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a6
]
[a5, a7].
If deg f = 7 then f is of the form (10) so f ∈ I. If deg f > 7 then for some i, 1 ≤ i ≤ 7, we have
ai = a
′
ia
′′
i , where deg a
′
i, deg a
′′
i < deg ai. We claim that to check that f ∈ I one may assume without
loss of generality that i ∈ {4, 6, 7}.
Indeed, it is clear that
(48) f(a1, . . . , a4, a5, a6, a7) = f(a1, . . . , a4, a6, a5, a7).
On the other hand, if {k, ℓ, k′, ℓ′} = {1, 2, 3, 4} then, by the induction hypothesis,[
[ak, aℓ], [ak′ , aℓ′ ], a5
]
= [ak, aℓ, ak′ , aℓ′ , a5]− [ak, aℓ, aℓ′ , ak′ , a5] ∈ I.
It follows that
f(a1, a2, a3, a4, a5, . . . ) ≡ f(a2, a1, a4, a3, a5, . . . ) (mod I)(49)
≡f(a3, a4, a1, a2, a5, . . . ) (mod I) ≡ f(a4, a3, a2, a1, a5, . . . ) (mod I).
It follows from (48) and (49) that one may assume without loss of generality that i ∈ {4, 6, 7}, as
claimed.
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Suppose that a4 = a
′
4a
′′
4. Then
f = f(a1, a2, a3, a
′
4a
′′
4, a5, a6, a7)
(50)
=
[(
[a1, a2][a3, a
′
4a
′′
4] + [a1, a3][a2, a
′
4a
′′
4 ]
)
, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′
4a
′′
4] + [a1, a3][a2, a
′
4a
′′
4 ]
)
, a6
]
[a5, a7]
=
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
a′4, a5
]
[a6, a7]
−
[(
[a1, a2][a3, a
′′
4 , a
′
4] + [a1, a3][a2, a
′′
4 , a
′
4]
)
, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4 , a6
]
[a5, a7]
+
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
a′4, a6
]
[a5, a7]−
[(
[a1, a2][a3, a
′′
4 , a
′
4] + [a1, a3][a2, a
′′
4 , a
′
4]
)
, a6
]
[a5, a7]
We have
[(
[a1, a2][a3, a
′′
4 , a
′
4] + [a1, a3][a2, a
′′
4 , a
′
4]
)
, a5
]
[a6, a7](51)
+
[(
[a1, a2][a3, a
′′
4 , a
′
4] + [a1, a3][a2, a
′′
4 , a
′
4]
)
, a6
]
[a5, a7]
=
(
[a1, a2, a5][a3, a
′′
4 , a
′
4] + [a1, a3, a5][a2, a
′′
4, a
′
4]
)
[a6, a7] +
(
[a1, a2, a6][a3, a
′′
4 , a
′
4]
+[a1, a3, a6][a2, a
′′
4 , a
′
4]
)
[a5, a7] + [a1, a2]
(
[a3, a
′′
4 , a
′
4, a5][a6, a7] + [a3, a
′′
4 , a
′
4a6][a5, a7]
)
+[a1, a3]
(
[a2, a
′′
4 , a
′
4, a5][a6, a7] + [a2, a
′′
4 , a
′
4, a6][a5, a7]
)
∈ I
because, by the induction hypothesis,
[ak, a
′′
4, a
′
4, aℓ][aℓ′ , a7] + [ak, a
′′
4 , a
′
4, aℓ′ ][aℓ, a7] ∈ I
and [a1, ak, aℓ][ak′ , a
′′
4 , a
′
4] ∈ I if {k, k
′} = {2, 3} and {ℓ, ℓ′} = {5, 6}.
Further,
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4 , a6
]
[a5, a7]
(52)
= a′′4
([(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
, a6
]
[a5, a7]
)
+
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
, a5, a
′′
4
]
[a6, a7] +
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
, a6, a
′′
4
]
[a5, a7]
+
(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)(
[a′′4, a5][a6, a7] + [a
′′
4, a6][a5, a7]
)
∈ I
because the polynomials of types (24) and (25) of degree less than m belong to I by the induction
hypothesis and the polynomial of type (21) of degree m belongs to I by Case 1. Similarly,
(53)[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
a′4, a5
]
[a6, a7] +
[(
[a1, a2][a3, a
′′
4] + [a1, a3][a2, a
′′
4 ]
)
a′4, a6
]
[a5, a7] ∈ I.
It follows from (50), (51), (52) and (53) that f ∈ I if a4 = a
′
4a
′′
4.
Now suppose that a6 = a
′
6a
′′
6 . Let g = [a1, a2][a3, a4] + [a1, a3][a2, a4]. We have
f = [g, a5][a
′
6a
′′
6 , a7] + [g, a
′
6a
′′
6][a5, a7] = [g, a5]a
′
6[a
′′
6 , a7] + [g, a5][a
′
6, a7]a
′′
6 + a
′
6[g, a
′′
6 ][a5, a7](54)
+ [g, a′6]a
′′
6 [a5, a7] = a
′
6
(
[g, a5][a
′′
6 , a7] + [g, a
′′
6 ][a5, a7]
)
+ [g, a5, a
′
6][a
′′
6 , a7] +
(
[g, a5][a
′
6, a7]
+ [g, a′6][a5, a7]
)
a′′6 − [g, a
′
6][a5, a7, a
′′
6 ].
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Here
a′6
(
[g, a5][a
′′
6 , a7] + [g, a
′′
6 ][a5, a7]
)
+ [g, a5, a
′
6][a
′′
6 , a7] +
(
[g, a5][a
′
6, a7] + [g, a
′
6][a5, a7]
)
a′′6
(55)
=a′6
([(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5
]
[a′′6 , a7] +
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′′6
]
[a5, a7]
)
+
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, a
′
6
]
[a′′6, a7] +
([(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5
]
[a′6, a7]
+
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′6
]
[a5, a7]
)
a′′6 ∈ I
because polynomials of types (24) and (25) of degree less than m belong to I by the induction
hypothesis. Further,
[g, a′6][a5, a7, a
′′
6 ] =
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′6
]
[a5, a7, a
′′
6 ](56)
=
(
[a1, a2][a3, a4, a
′
6] + [a1, a2, a
′
6][a3, a4] + [a1, a3][a2, a4, a
′
6] + [a1, a3, , a
′
6][a2, a4]
)
[a5, a7, a
′′
6 ]
≡
(
[a1, a2][a3, a4, a
′
6] + [a3, a4][a1, a2, a
′
6] + [a1, a3][a2, a4, a
′
6]
+[a2, a4][a1, a3, , a
′
6]
)
[a5, a7, a
′′
6 ] (mod I) ≡ 0 (mod I)
because the polynomials of the form (26) of degree less thanm belong to I by the induction hypothesis.
It follows from (54), (55) and (56) that f ∈ I if a6 = a
′
6a
′′
6.
Finally, suppose that a7 = a
′
7a
′′
7 . Then
f =[g, a5][a6, a
′
7a
′′
7] + [g, a6][a5, a
′
7a
′′
7 ] = [g, a5]a
′
7[a6, a
′′
7 ] + [g, a5][a6, a
′
7]a
′′
7 + [g, a6]a
′
7[a5, a
′′
7 ]
+[g, a6][a5, a
′
7]a
′′
7 =
(
[g, a5][a6, a
′′
7 ] + [g, a6][a5, a
′′
7 ]
)
a′7 +
(
[g, a5][a6, a
′
7] + [g, a6][a5, a
′
7]
)
a′′7
−[g, a5][a6, a
′′
7 , a
′
7]− [g, a6][a5, a
′′
7, a
′
7].
One can prove repeating the argument used for i = 6 (when a6 = a
′
6a
′′
6) that f ∈ I if a7 = a
′
7a
′′
7.
Thus, each polynomial f of the form (24) and of degree m belongs to I.
Case 5. Suppose that f is of the form (25),
f =
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, a6
]
.
If deg f = 6 then each monomial ai is of degree 1 so f is of the form (9) and, therefore, f ∈ I. If
deg f > 6 then, for some i, 1 ≤ i ≤ 6, we have ai = a
′
ia
′′
i where deg a
′
i, deg a
′′
i < deg ai.
We claim that to check that f ∈ I one may assume without loss of generality that i ∈ {4, 5, 6}.
Indeed, it follows from the induction hypothesis that if {k, ℓ, k′, ℓ′} = {1, 2, 3, 4} then[
[ak, aℓ], [ak′ , aℓ′ ], a5
]
= [ak, aℓ, ak′ , aℓ′ , a5]− [ak, aℓ, ak′ , aℓ′ , a5] ∈ I.
Hence,
[
[ak, aℓ], [ak′ , aℓ′ ], a5, a6
]
∈ I. It follows that[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, a6
]
≡
[(
[a2, a1][a4, a3] + [a2, a4][a1, a3]
)
, a5, a6
]
(mod I)
≡
[(
[a3, a4][a1, a2] + [a3, a1][a4, a2]
)
, a5, a6
]
(mod I)
≡
[(
[a4, a3][a2, a1] + [a4, a2][a3, a1]
)
, a5, a6
]
(mod I),
that is,
f(a1, a2, a3, a4, a5, a6) ≡ f(a2, a1, a4, a3, a5, a6) (mod I)
≡f(a3, a4, a1, a2, a5, a6) (mod I) ≡ f(a4, a3, a2, a1, a5, a6) (mod I).
The claim follows.
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Suppose first that a6 = a
′
6a
′′
6. Let g =
(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
. We have
f =[g, a5, a
′
6a
′′
6 ] = a
′
6[g, a5, a
′′
6 ] + [g, a5, a
′
6]a
′′
6.
By the induction hypothesis, [g, a5, b] =
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, b
]
∈ I for b ∈ {a′6, a
′′
6}
so in this case f ∈ I.
Suppose that a5 = a
′
5a
′′
5. Then
f = [g, a′5a
′′
5, a6] =
[
a′5[g, a
′′
5 ] + [g, a
′
5]a
′′
5 , a6
]
= a′5[g, a
′′
5 , a6] + [a
′
5, a6][g, a
′′
5 ] + [g, a
′
5][a
′′
5 , a6] + [g, a
′
5, a6]a
′
5.
By the induction hypothesis, [g, b, a6] =
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, b, a6
]
∈ I for b ∈ {a′5, a
′′
5}.
On the other hand,
[a′5, a6][g, a
′′
5 ] + [g, a
′
5][a
′′
5 , a6] = [g, a
′′
5 ][a
′
5, a6] + [g, a
′
5][a
′′
5 , a6] +
[
g, a′′5 , [a
′
5, a6]
]
.
Since each polynomial of degree m of the form (24) belongs to I, we have
[g, a′5][a
′′
5 , a6] + [g, a
′′
5 ][a
′
5, a6]
=
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′5
]
[a′′5 , a6] +
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′′5
]
[a′5, a6] ∈ I
and, by the induction hypothesis,[
g, a′′5 , [a
′
5, a6]
]
= [g, a′′5 , a
′
5, a6]− [g, a
′′
5 , a6, a
′
5]
=
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′′5 , a
′
5, a6
]
−
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a′′5 , a6, a
′
5
]
∈ I.
Hence, in this case f ∈ I.
Now suppose that a4 = a
′
4a
′′
4 . We have
f =
[(
[a1, a2][a3, a
′
4a
′′
4] + [a1, a3][a2, a
′
4a
′′
4]
)
, a5, a6
]
=
[(
[a1, a2]a
′
4[a3, a
′′
4 ] + [a1, a3]a
′
4[a2, a
′′
4]
)
, a5, a6
]
+
[(
[a1, a2][a3, a
′
4]a
′′
4 + [a1, a3][a2, a
′
4]a
′′
4
)
, a5, a6
]
=
[
a′4
(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
+
[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4, a5, a6
]
+
[(
[a1, a2, a
′
4][a3, a
′′
4] + [a1, a3, a
′
4][a2, a
′′
4 ]
)
, a5, a6
]
.
By (12), we have[
a′4
(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
=a′4
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
+ [a′4, a5]
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a6
]
+[a′4, a6]
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5
]
+ [a′4, a5, a6]
(
[a1, a2][a3, a
′′
4] + [a1, a3][a2, a
′′
4 ]
)
=a′4
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
−
([(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a6
]
[a5, a
′
4]
+
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5
]
[a6, a
′
4]
)
+ [a′4, a5, a6]
(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
−
[[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a6
]
, [a5, a
′
4]
]
−
[[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5
]
, [a6, a
′
4]
]
.
By the induction hypothesis,
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
∈ I. Further,
[a′4, a5, a6]
(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4]
)
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and [(
[a1, a2][a3, a
′′
4] + [a1, a3][a2, a
′′
4 ]
)
, a6
]
[a5, a
′
4] +
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5
]
[a6, a
′
4]
are polynomials of degree m of the forms (23) and (24), respectively, so they belong to I. Finally,[[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a6
]
, [a5, a
′
4]
]
=
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a6, a5, a
′
4
]
−
[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4]
)
, a6, a
′
4, a5
]
belongs to I by the induction hypothesis and so does the commutator[[(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5
]
, [a6, a
′
4]
]
.
It follows that [
a′4
(
[a1, a2][a3, a
′′
4 ] + [a1, a3][a2, a
′′
4 ]
)
, a5, a6
]
∈ I.
One can check in a similar way that[(
[a1, a2][a3, a
′
4] + [a1, a3][a2, a
′
4]
)
a′′4, a5, a6
]
∈ I.
Finally, by (12), the commutator
(57)
[(
[a1, a2, a
′
4][a3, a
′′
4 ] + [a1, a3, a
′
4][a2, a
′′
4 ]
)
, a5, a6
]
can be written as a sum of products of two commutators in a′4, a
′′
4 and ai (i ∈ {1, 2, 3, 5, 6}). The
commutators in the products are either of length 2 and 5 or of length 3 and 4. By the induction
hypothesis, the commutators of length 5 belong to I and so do the products that contain such com-
mutators. The products of commutators of length 3 and 4 are, modulo I, of the form (22) and of
degree m so, by Case 2, they also belong to I. Hence, the commutator (57) belongs to I and so does
f if a4 = a
′
4a
′′
4.
Thus, each polynomial f =
[(
[a1, a2][a3, a4] + [a1, a3][a2, a4]
)
, a5, a6
]
of the form (25) of degree m
belongs to I.
Case 6. Suppose that f is of the form (26),
f = f(a1, a2, . . . , a6) = [a1, a2, a3][a4, a5, a6].
If deg f = 6 then each monomial ai is of degree 1 so f is of the form (5) and, therefore, f ∈ I. If
deg f > 6 then, for some i, 1 ≤ i ≤ 6, we have ai = a
′
ia
′′
i where deg a
′
i, deg a
′′
i < deg ai. We claim that
to check that f ∈ I one may assume without loss of generality that i = 5 or i = 6. Indeed, it is clear
that f(. . . , a4, a5, a6) = −f(. . . , a5, a4, a6). Also,
(58)
[
[a1, a2, a3], [a4, a5, a6]
]
∈ I.
Indeed, this commutator is a linear combination of the (left-normed) commutators of the form
[ak1 , ak2 , ak3 , ak4 , ak5 , ak6 ]
where {k1, . . . k5, k6} = {1, . . . , 5, 6}. Since, by the induction hypothesis, each commutator [ak1 , . . . , ak5 ]
belongs to I, so does each commutator [ak1 , . . . , ak5 , ak6 ]; therefore, (58) holds. By (58), we have
f(a1, a2, a3, a4, a5, a6) ≡ f(a4, a5, a6, a1, a2, a3) (mod I).
The claim follows.
Suppose that a6 = a
′
6a
′′
6. We have
f =[a1, a2, a3][a4, a5, a
′
6a
′′
6] = [a1, a2, a3]
(
a′6[a4, a5, a
′′
6 ] + [a4, a5, a
′
6]a
′′
6
)
=a′6[a1, a2, a3][a4, a5, a
′′
6] + [a1, a2, a3][a4, a5, a
′
6]a
′′
6 + [a1, a2, a3, a
′
6][a4, a5, a
′′
6 ].
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By the induction hypothesis, [a1, a2, a3][a4, a5, b] ∈ I if b ∈ {a
′
6, a
′′
6}. Also, [a1, a2, a3, a
′
6][a4, a5, a
′′
6 ] ∈ I
because this is a polynomial of the form (22) and of degree m so, by Case 2, it belongs to I. It follows
that f ∈ I.
Suppose that a5 = a
′
5a
′′
5. Then
f =[a1, a2, a3][a4, a
′
5a
′′
5 , a6] = [a1, a2, a3]
[(
a′5[a4, a
′′
5 ] + [a4, a
′
5]a
′′
5
)
, a6
]
=[a1, a2, a3]
(
a′5[a4, a
′′
5 , a6] + [a
′
5, a6][a4, a
′′
5 ] + [a4, a
′
5][a
′′
5 , a6] + [a4, a
′
5, a6]a
′′
5
)
.
As in the previous case,
[a1, a2, a3]
(
a′5[a4, a
′′
5, a6] + [a4, a
′
5, a6]a
′′
5
)
= a′5[a1, a2, a3][a4, a
′′
5 , a6]
+[a1, a2, a3][a4, a
′
5, a6]a
′′
5 + [a1, a2, a3, a
′
5][a4, a
′′
5 , a6] ∈ I.
Also,
[a1, a2, a3]
(
[a′5, a6][a4, a
′′
5 ] + [a4, a
′
5][a
′′
5 , a6]
)
= [a1, a2, a3]
(
[a′5, a6][a4, a
′′
5 ] + [a
′
5, a4][a6, a
′′
5 ]
)
is a polynomial of the form (23) of degree m so, by Case 3, it belongs to I. It follows that in this case
f ∈ I.
Thus, each polynomial f = [a1, a2, a3][a4, a5, a6] of the form (26) of degree m belongs to I.
Case 7. Suppose that f is of the form (27),
f = [a1, a2, a3, a4][a5, a6] + [a1, a2, a3, a5][a4, a6].
If deg f = 6 then each monomial ai is of degree 1 so f is of the form (7) and, therefore, f ∈ I. If
deg f > 6 then, for some i, 1 ≤ i ≤ 6, we have ai = a
′
ia
′′
i where deg a
′
i, deg a
′′
i < deg ai.
Suppose first that a6 = a
′
6a
′′
6. We have
f =[a1, a2, a3, a4][a5, a
′
6a
′′
6] + [a1, a2, a3, a5][a4, a
′
6a
′′
6]
=[a1, a2, a3, a4]
(
a′6[a5, a
′′
6 ] + [a5, a
′
6]a
′′
6
)
+ [a1, a2, a3, a5]
(
a′6[a4, a
′′
6 ] + [a4, a
′
6]a
′′
6
)
≡a′6
(
[a1, a2, a3, a4][a5, a
′′
6 ] + [a1, a2, a3, a5][a4, a
′′
6 ]
)
+
(
[a1, a2, a3, a4][a5, a
′
6] + [a1, a2, a3, a5][a4, a
′
6]
)
a′′6 (mod I).
By the induction hypothesis, [a1, a2, a3, a4][a5, b] + [a1, a2, a3, a5][a4, b] ∈ I for b ∈ {a
′
6, a
′′
6}. It follows
that in this case f ∈ I.
Suppose that a5 = a
′
5a
′′
5. Then
f =[a1, a2, a3, a4][a
′
5a
′′
5, a6] + [a1, a2, a3, a
′
5a
′′
5 ][a4, a6]
=[a1, a2, a3, a4]
(
a′5[a
′′
5 , a6] + [a
′
5, a6]a
′′
5
)
+
(
a′5[a1, a2, a3, a
′′
5 ] + [a1, a2, a3, a
′
5]a
′′
5
)
[a4, a6]
≡a′5
(
[a1, a2, a3, a4][a
′′
5 , a6] + [a1, a2, a3, a
′′
5 ][a4, a6]
)
+
(
[a1, a2, a3, a4][a
′
5, a6] + [a1, a2, a3, a
′
5][a4, a6]
)
a′′5
−[a1, a2, a3, a
′
5][a4, a6, a
′′
5 ] (mod I).
We have [a1, a2, a3, a4][b, a6]+ [a1, a2, a3, b][a4, a6] ∈ I for b ∈ {a
′
5, a
′′
5} by the induction hypothesis and
[a1, a2, a3, a
′
5][a4, a6, a
′′
5 ] ∈ I since, by Case 2, the polynomials of the form (22) of degree m belong to
I. Hence, in this case f ∈ I. Similarly, f ∈ I if a4 = a
′
4a
′′
4 .
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Suppose that a3 = a
′
3a
′′
3. Then
f =[a1, a2, a
′
3a
′′
3, a4][a5, a6] + [a1, a2, a
′
3a
′′
3, a5][a4, a6]
=
[(
a′3[a1, a2, a
′′
3 ] + [a1, a2, a
′
3]a
′′
3
)
, a4
]
[a5, a6] +
[(
a′3[a1, a2, a
′′
3 ] + [a1, a2, a
′
3]a
′′
3
)
, a5
]
[a4, a6]
=a′3[a1, a2, a
′′
3 , a4][a5, a6] + a
′
3[a1, a2, a
′′
3 , a5][a4, a6] + [a
′
3, a4][a1, a2, a
′′
3 ][a5, a6]
+[a′3, a5][a1, a2, a
′′
3 ][a4, a6] + [a1, a2, a
′
3][a
′′
3 , a4][a5, a6] + [a1, a2, a
′
3][a
′′
3 , a5][a4, a6]
+[a1, a2, a
′
3, a4]a
′′
3[a5, a6] + [a1, a2, a
′
3, a5]a
′′
3[a4, a6]
≡a′3
(
[a1, a2, a
′′
3 , a4][a5, a6] + [a1, a2, a
′′
3 , a5][a4, a6]
)
+ [a1, a2, a
′′
3 ]
(
[a′3, a4][a5, a6] + [a
′
3, a5][a4, a6]
)
+[a1, a2, a
′
3]
(
[a′′3, a4][a5, a6] + [a
′′
3, a5][a4, a6]
)
+a′′3
(
[a1, a2, a
′
3, a4][a5, a6] + [a1, a2, a
′
3, a5][a4, a6]
)
(mod I).
By the induction hypothesis, for b ∈ {a′3, a
′′
3} we have [a1, a2, b, a4][a5, a6] + [a1, a2, b, a5][a4, a6] ∈ I;
also we have [a1, a2, b1]([b2, a4][a5, a6] + [b2, a5][a4, a6]) ∈ I since, by Case 3, the polynomials of the
form (23) of degree m belong to I. Hence, in this case f ∈ I.
Now suppose that a2 = a
′
2a
′′
2 . Then, by (12),
f =[a1, a
′
2a
′′
2, a3, a4][a5, a6] + [a1, a
′
2a
′′
2, a3, a5][a4, a6]
=
[(
a′2[a1, a
′′
2 ] + [a1, a
′
2]a
′′
2
)
, a3, a4
]
[a5, a6] +
[(
a′2[a1, a
′′
2] + [a1, a
′
2]a
′′
2
)
, a3, a5
]
[a4, a6]
=
(
a′2[a1, a
′′
2 , a3, a4] + [a
′
2, a4][a1, a
′′
2 , a3] + [a1, a
′
2, a3][a
′′
2 , a4] + [a1, a
′
2, a3, a4]a
′′
2
)
[a5, a6]
+
[(
[a′2, a3][a1, a
′′
2 ] + [a1, a
′
2][a
′′
2 , a3]
)
, a4
]
[a5, a6] +
(
a′2[a1, a
′′
2, a3, a5] + [a
′
2, a5][a1, a
′′
2 , a3]
+[a1, a
′
2, a3][a
′′
2 , a5] + [a1, a
′
2, a3, a5]a
′′
2
)
[a4, a6] +
[(
[a′2, a3][a1, a
′′
2 ] + [a1, a
′
2][a
′′
2 , a3]
)
, a5
]
[a4, a6].
It follows that
f =a′2[a1, a
′′
2 , a3, a4][a5, a6] + a
′
2[a1, a
′′
2 , a3, a5][a4, a6] + [a
′
2, a4][a1, a
′′
2, a3][a5, a6]
+[a′2, a5][a1, a
′′
2 , a3][a4, a6] + [a1, a
′
2, a3][a
′′
2 , a4][a5, a6] + [a1, a
′
2, a3][a
′′
2 , a5][a4, a6]
+[a1, a
′
2, a3, a4]a
′′
2 [a5, a6] + [a1, a
′
2, a3, a5]a
′′
2 [a4, a6]
+
[(
[a′2, a3][a1, a
′′
2 ] + [a1, a
′
2][a
′′
2 , a3]
)
, a4
]
[a5, a6] +
[(
[a′2, a3][a1, a
′′
2] + [a1, a
′
2][a
′′
2 , a3]
)
, a5
]
[a4, a6]
≡a′2
(
[a1, a
′′
2 , a3, a4][a5, a6] + [a1, a
′′
2 , a3, a5][a4, a6]
)
+ a′′2
(
[a1, a
′
2, a3, a4][a5, a6] + [a1, a
′
2, a3, a5][a4, a6]
)
+
[(
[a′2, a3][a1, a
′′
2 ] + [a
′
2, a1][a3, a
′′
2 ]
)
, a4
]
[a5, a6] +
[(
[a′2, a3][a1, a
′′
2] + [a
′
2, a1][a3, a
′′
2 ]
)
, a5
]
[a4, a6]
+[a1, a
′′
2 , a3]
(
[a′2, a4][a5, a6] + [a
′
2, a5][a4, a6]
)
+ [a1, a
′
2, a3]
(
[a′′2 , a4][a5, a6] + [a
′′
2 , a5][a4, a6]
)
(mod I).
By the induction hypothesis, [a1, b, a3, a4][a5, a6] + [a1, b, a3, a5][a4, a6] ∈ I for b ∈ {a
′
2, a
′′
2}. We have
also
[a1, b1, a3]
(
[b2, a4][a5, a6] + [b2, a5][a4, a6]
)
∈ I
if {b1, b2} = {a
′
2, a
′′
2} and[
[a′2, a3][a1, a
′′
2 ] + [a
′
2, a1][a3, a
′′
2 ], a4
]
[a5, a6] +
[
[a′2, a3][a1, a
′′
2 ] + [a
′
2, a1][a3, a
′′
2 ], a5
]
[a4, a6] ∈ I
because, by Cases 3 and 4, the polynomials of degree m of the forms (23) and (24) belong to I. Hence,
in this case f ∈ I.
Thus, if f is a polynomial of the form (27) of degree m then f belongs to I.
Case 8. Finally, suppose that f is of the form (20), f = [a1, a2, a3, a4, a5]. Since m = deg f > 5,
we have ai = a
′
ia
′′
i for some i, 1 ≤ i ≤ 5, where deg a
′
i,deg a
′′
i < deg ai.
Suppose that a5 = a
′
5a
′′
5. Then
f = [a1, a2, a3, a4, a
′
5a
′′
5 ] = a
′
5[a1, a2, a3, a4, a
′′
5 ] + [a1, a2, a3, a4, a
′
5]a
′′
5
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so, by the induction hypothesis, f ∈ I.
Now suppose that a4 = a
′
4a
′′
4 . Then
f = [a1, a2, a3, a
′
4a
′′
4 , a5] =
[(
a′4[a1, a2, a3, a
′′
4 ] + [a1, a2, a3, a
′
4]a
′′
4
)
, a5
]
= a′4[a1, a2, a3, a
′′
4 , a5] + [a
′
4, a5][a1, a2, a3, a
′′
4 ] + [a1, a2, a3, a
′
4][a
′′
4 , a5] + [a1, a2, a3, a
′
4, a5]a
′′
4
≡ a′4[a1, a2, a3, a
′′
4 , a5] + [a1, a2, a3, a
′′
4 ][a
′
4, a5] + [a1, a2, a3, a
′
4][a
′′
4 , a5] + [a1, a2, a3, a
′
4, a5]a
′′
4 (mod I).
By the induction hypothesis, we have [a1, a2, a3, b, a5] ∈ I for b ∈ {a
′
4, a
′′
4}. On the other hand,
[a1, a2, a3, a
′′
4 ][a
′
4, a5] + [a1, a2, a3, a
′
4][a
′′
4 , a5] ∈ I
because, by Case 7, the polynomials of the form (27) of degree m belong to I. Hence, in this case
f ∈ I.
Further, suppose that a3 = a
′
3a
′′
3. Then, by (12),
f = [a1, a2, a
′
3a
′′
3, a4, a5] =
[(
a′3[a1, a2, a
′′
3 ] + [a1, a2, a
′
3]a
′′
3
)
, a4, a5
]
= a′3[a1, a2, a
′
3, a4, a5] + [a
′
3, a5][a1, a2, a
′′
3 , a4] + [a
′
3, a4][a1, a2, a
′′
3, a5] + [a
′
3, a4, a5][a1, a2, a
′′
3 ]
+ [a1, a2, a
′
3][a
′′
3 , a4, a5] + [a1, a2, a
′
3, a5][a
′′
3 , a4] + [a1, a2, a
′
3, a4][a
′′
3 , a5] + [a1, a2, a
′
3, a4, a5]a
′′
3
≡ a′3[a1, a2, a
′
3, a4, a5]− [a1, a2, a
′′
3 , a4][a5, a
′
3]− [a1, a2, a
′′
3 , a5][a4, a
′
3] + [a
′
3, a4, a5][a1, a2, a
′′
3 ]
+ [a′′3 , a4, a5][a1, a2, a
′
3]− [a1, a2, a
′
3, a5][a4, a
′′
3 ]− [a1, a2, a
′
3, a4][a5, a
′′
3 ] + [a1, a2, a
′
3, a4, a5]a
′′
3 (mod I).
By the induction hypothesis, [a1, a2, b, a4, a5] ∈ I for b ∈ {a
′
3, a
′′
3}. We also have
[b1, a4, a5][a1, a2, b2] ∈ I
and
[a1, a2, b1, a5][a4, b2] + [a1, a2, b1, a4][a5, b2] ∈ I
where {b1, b2} = {a
′
3, a
′′
3} because, by Cases 6 and 7, the polynomials of the forms (26) and (27) of
degree m belong to I. Hence, in this case f ∈ I.
Finally suppose that either a1 = a
′
1a
′′
1 or a2 = a
′
2a
′′
2. It is clear that without loss of generality we
may assume a2 = a
′
2a
′′
2. Then, by (12),
f = [a1, a
′
2a
′′
2, a3, a4, a5] =
[(
a′2[a1, a
′′
2 ] + [a1, a
′
2]a
′′
2
)
, a3, a4, a5
]
=
[(
a′2[a1, a
′′
2 , a3] + [a
′
2, a3][a1, a
′′
2 ] + [a1, a
′
2][a
′′
2 , a3] + [a1, a
′
2, a3]a
′′
2
)
, a4, a5
]
=
[(
[a′2, a3][a1, a
′′
2 ] + [a1, a
′
2][a
′′
2 , a3]
)
, a4, a5
]
+ a′2[a1, a
′′
2 , a3, a4, a5] + [a
′
2, a5][a1, a
′′
2, a3, a4]
+ [a′2, a4][a1, a
′′
2, a3, a5] + [a
′
2, a4, a5][a1, a
′′
2 , a3] + [a1, a
′
2, a3][a
′′
2 , a4, a5]
+ [a1, a
′
2, a3, a5][a
′′
2 , a4] + [a1, a
′
2, a3, a4][a
′′
2 , a5] + [a1, a
′
2, a3, a4, a5]a
′′
2
≡
[(
[a′2, a3][a1, a
′′
2 ] + [a
′
2, a1][a3, a
′′
2 ]
)
, a4, a5
]
+ a′2[a1, a
′′
2 , a3, a4, a5]− [a1, a
′′
2 , a3, a4][a5, a
′
2]
− [a1, a
′′
2 , a3, a5][a4, a
′
2] + [a
′
2, a4, a5][a1, a
′′
2 , a3] + [a1, a
′
2, a3][a
′′
2 , a4, a5]
− [a1, a
′
2, a3, a5][a4, a
′′
2 ]− [a1, a
′
2, a3, a4][a5, a
′′
2 ] + [a1, a
′
2, a3, a4, a5]a
′′
2 (mod I).
We have [a1, b, a3, a4, a5] ∈ I for b ∈ {a
′
2, a
′′
2} by the induction hypothesis. Also[(
[a′2, a3][a1, a
′′
2 ] + [a
′
2, a1][a3, a
′′
2 ]
)
, a4, a5
]
∈ I,
[a′2, a4, a5][a1, a
′′
2 , a3], [a1, a
′
2, a3][a
′′
2 , a4, a5] ∈ I
and
[a1, b1, a3, a4][a5, b2] + [a1, b1, a3, a5][a4, b2] ∈ I
where {b1, b2} = {a
′
2, a
′′
2} because, by Cases 5, 6 and 7, all polynomials of the forms (25), (26) and
(27) of degree m belong to I. Hence, in this case also f ∈ I.
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Thus, if f is a polynomial of the form (20) of degree m then f belongs to I. This establishes the
induction step and proves that T (5) ⊆ I.
The proof of Theorem 1.1 is completed.
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